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Abstract Classical aeroacoustic theory for free shear flows often relies on quadrupole point-sources to represent the sound sources
originating from an unsteady flow field. However, because of almost complete mutual cancellation of the sources [1], such a point-wise
analysis of the flow field is usually neither practical for numerical analysis nor does it provide good insight into the noise generation
mechanisms induced by large-scale instability waves which are responsible for the dominant downstream noise radiation in subsonic
jets. We model such instability waves in coaxial jets using linear stability theory and show that frequency-specific sound radiation
patterns can be explained by this simplified approach.

INTRODUCTION

It is well known that the intensity and frequency composition of the sound field emitted from subsonic transitional and tur-
bulent jets exhibits a strong dependency on the observation angle [2]. Several studies have recently identified wavepacket-
like structures within the unsteady flow field as the dominant source responsible for sound radiation at low angles with
respect to the downstream direction [3, 4, 5]. These wavepacket sources can be associated with subsonic instability waves
that produce sound due to their streamwise amplitude variation. While constant-amplitude waves with subsonic phase
velocities would not lead to sound radiation, the streamwise growth, saturation and decay leads to a so-called “supersonic
tail” in the axial wavenumber spectrum for jets at moderate to high subsonic Mach numbers [6]. It is easy to show that
the disturbance energy contained in the supersonic wavenumber range leads to directive sound radiation. The spectral
formulation of Lighthill’s acoustic analogy [7] provides an elegant way to predict the sound radiation from wavepacket
sources by using geometrical considerations in the wavenumber-frequency space.
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Figure 1. (a) Lighthill source q(z, r) for an axisymmetric wavepacket disturbance in a coaxial jet flow (StD = 0.2). The dashed
horizontal lines indicate the radial location of the velocity shear layers; (b) Lighthill source q̂(α, β) in wavenumber space.

METHODS

Lighthill’s acoustic analogy [8] shows that the Navier-Stokes equations can be recast into a wave operator acting on the
density field ρ and a source term q:
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where a∞ is the ambient speed of sound, q = ∂2Tij

∂xi∂xj
and Tij is the Lighthill stress tensor. The main objective of this study

is the modeling of instability waves which can be observed in transitional and turbulent jets and to predict the directivity
of the emitted sound. To this end we use a simplified model for the representation of the source term q of Eq. (1) by
representing the radial structure of the wavepacket disturbances by instability modes obtained from a local spatial linear
stability analysis and by prescribing an analytical axial wavepacket envelope based on a study by Crighton & Huerre [9].



The source q will take the form of a wavepacket in physical space as well as in a spectral representation. Depending on the
spectral shape of the wavepacket and its relative location (in wavenumber space) with respect to the acoustic dispersion
relation, the directivity pattern of the radiated sound can be predicted for different instability modes [7]. Comparisons
with data obtained from Direct Numerical Simulations are performed to justify our modeling approach.

RESULTS

We numerically solve the spatial linear stability problem for a compressible flow at high subsonic Mach numbers to
obtain the frequency-dependent instability modes. For the investigated coaxial jet flow, two types of unstable modes
can be identified. The first mode can be associated with the inner shear layer while the second mode is responsible for
disturbance development in the outer shear layer. These subsonic modes, which can be associated with Kelvin-Helmholtz
instabilities, only radiate due to their axial amplitude modulation. To investigate the acoustic radiation from these subsonic
instability waves, axial wavepacket envelopes are prescribed to model the streamwise evolution of the instabilities.
Fig. 1(a) presents the Lighthill source q computed for the Strouhal number StD = 0.2 whereas Fig. 1(b) shows the same
source in wavenumber space. The acoustic far-field dispersion relation is indicated by a dashed line (“the acoustic circle”).
The instability modes are always centered to the right of the acoustic circle in wavenumber space due to the subsonic phase
velocity of the carrier wave. The axial envelope defines the extent in α-direction whereas the radial structure of the source
q defines the spectral shape of the wavepacket in β-direction. Because of the axial amplitude modulation of the instability
wave, an overlap of the disturbance wavepacket with the acoustic circle occurs in the wavenumber-frequency space.
The intensity of the overlap along the acoustic circle ultimately defines the directivity of the noise radiation. The noise
radiation pattern in physical space can then be computed using the spectral formulation of Lighthill’s analogy. Results for
instability modes at different Strouhal numbers are illustrated in Fig. 2. The clear downstream dominance of the sound
radiation for low-frequency modes, an effect which was also observed in simulations and experiments [3], is illustrated in
Fig. 2(a) for StD = 0.2. The sound radiation for higher frequencies is less directive (c.f. Fig. 2(b) for StD = 0.6).
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Figure 2. Acoustic pressure fluctuations due to wavepacket disturbances in coaxial jet flow for two different Strouhal numbers: (a):
StD = 0.2 and (b): StD = 0.6. The sound field is computed by the spectral formulation of Lighthill’s acoustic analogy [7].
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