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Abstract A branch of genuine relative periodic orbits is found to be an edge state in plane Poiseuille flow in a periodic domain.
These periodic solutions correspond to sinuous quasi-streamwise streaks periodically forced by sinuous quasi-streamwise vortices in a
self-sustained process. The rms-amplitude of the streaks is found to scale as ≈ Re−0.8, while that of the quasi-streamwise vortices
scales like ≈ Re−1.6.

MOTIVATION

The ‘edge of chaos separates regions in phase space where initial conditions rapidly relax to the laminar state from regions
where initial conditions either relax after a turbulent transient or remain turbulent [4]. Edge states are relative attractors
within the edge of chaos. In plane Couette flow in constrained periodic domains ‘lower branch’ nonlinear traveling waves
(TW) have been found to be edge states [7]. Chaotic dynamics within the edge has been found in Hagen-Poiseuille flow
in a short periodic circular pipe [3]. In the case of plane Poiseuille flow at Re= 3000 in a periodic domain of streamwise
and spanwise size Lx = πh and Lz = 0.4πh a TW edge state has been found [2] using a bisection procedure that started
by an initial guess based on a turbulent solution. A later study in the same domain a the same Re but with different initial
conditions in the bisection procedure, revealed the existence of a “periodic-like solution” [5], i.e. a solution that could
be either a genuine periodic solution or an heteroclinic connection (a single period of the solution was accessible due to
numerical precision problems). Both solutions were localized on a single wall of the channel. The scope of the present
study is to ascertain if genuine periodic edge states exist in plane Poiseuille flow. If found, it is hoped that these states
could be continued to ‘upper branch’ periodic orbits and help in understanding the structure of the turbulent state.

FORMULATION

We consider the flow in a plane channel in the domain Lx = 2πh and Lz = 2.416h (h being the channel half-width).
This domain is the one in which TW solutions appear at the lowest Reynolds number [8]. The edge is explored using a
standard bisection procedure on the initial conditions: u0 = {Ulam(y), 0, 0}+A1 {0,−∂ψ0(y, z)/∂z, ∂ψ0(y, z)/∂y}+
A2 {0, 0, wsin(x, y)}. The stream-function ψ0(y, z) =

(
1− y2

)
sin (2πy/Ly) sin (2πz/Lz) is associated to stream-

wise uniform vortices, and wsin(x, y) =
(
1− y2

)
sin (2πx/Lx) is a sinuous perturbation. u0 is solenoidal has the

same volume flux of the laminar Poiseuille solution Ulam = 1 − y2. The bisection is operated on A1 with the ratio
A2/A1 = 1/10 kept fixed. The Navier-Stokes equations are integrated using the Fourier-Chebyshev-Fourier pseudospec-
tral channelflow code [1] with 16x41x16 points in the streamwise, wall-normal and spanwise directions and enforcing
a constant volume flux during the simulation. We have verified that the characteristics of the edge states found by bisection
on the coarse grid do not change when the number of collocation points is increased to 32x65x32.

RESULTS

At Re=3000 the edge trajectories converge to a relative periodic orbit (RPO) of period T = 739 (convective time units).
Similar RPOs are found for Re=4000 and 5000, with respective periods T = 1090 and 1418. The projection of the RPOs
in the plane I/Ilam − D/Dlam of the perturbation energy injection and dissipation normalized to the laminar solution
values is reported in the right panel of fig. 1. The amplitude of the RPOs is relatively small and decreases when Re
is increased which is characteristic of ‘lower branch’ solutions. This is confirmed by the analysis of the rms velocity
perturbations. Most of the perturbation rms kinetic energy resides in the streamwise velocity component (streaks) whose
amplitude decreases like Re−γ with γ ≈ 0.8. The rescaled Reγu′rms(y) profiles, shown in the left panel of fig. 2 are almost
identical for the three considered Re and indicate the presence of streamwise streaks with maximum amplitude located
near y ≈ ±h/2. The wall-normal and spanwise velocity rms profiles are consistent with center-channel quasi-streamwise
vortices. The rms amplitude of the wall-normal velocity is proportional to Re−2γ , while that of the spanwise velocity is
proportional to Re−

3
2γ . Contrary to previously found TW [8] and periodic-like solutions [5] which were localized near

the wall, the velocity fields associated to the found solutions are more reminiscent of detached eddies structures [6].
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Figure 1. Left panel: Perturbation kinetic energy history for selected iterations of the bisection (Re= 3000). The trajectory on the edge
is rapidly attracted to a periodic solution. Right panel: Projection on the normalized I −D plane of the periodic edge states found at
Re=3000, 4000 and 5000. The energy injection and dissipation are normalized to the value that the laminar Poiseuille solution would
have at the same Re.
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Figure 2. Rescaled root-mean-square amplitudes of velocity perturbations, averaged on a period of the cycle. The streamwise, wall-
normal and spanwise components are respectively reported in the the left, center and right panel.
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