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UNIVERSAL FRICTION LAW FOR TURBULENT BOUNDARY LAYERS WITH WALL SUCTION
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Abstract A universal friction law for turbulent boundary layers on a flat plate with suction is established. Experimental skin-friction
distributions obtained for various suction factors and Reynolds numbers are described in similarity variables by a single universal curve.
The law is valid for the entire range of suction velocities from zero one till the limiting values corresponding to asymptotic-suction
boundary layers. The analysis is not based on any particular turbulence model.

PROBLEM FORMULATION

We consider an incompressible turbulent boundary-layer flow over a smooth flat plate with a constant free-stream velocity
ue and a constant wall suction velocity vw parallel to the normal vector. The origin of the Cartesian coordinate system is
situated at the leading edge of the plate.
Closure condition. In the flow under consideration, any mean quantity is a function of Cartesian coordinates x and y and
only three governing parameters: the kinematic viscosity ν, the free-stream velocity ue, and the suction velocity vw. This
means that the gradient of the stream-wise mean-velocity component, the turbulent shearing stress, and the boundary-layer
thickness can be represented in terms of universal functions:

∂u

∂y
= F1(x, y, ν, ue, vw), 〈u′v′〉 = F2(x, y, ν, ue, vw), ∆ = F3(x, ν, ue, vw). (1)

We solve the first and third equations in (1) for x and ue and substitute them into the second one to obtain the relation
〈u′v′〉 = F4(∆, y, ν, ∂u/∂y, vw), which after applying dimensional considerations yields
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Here, S is some universal function of three variables. The local Reynolds number Re is defined here as the ratio of
characteristic turbulent and molecular viscosity values, the parameter β characterizes suction affect on shearing stress.
Change of variables. The mean-flow stream function ψ(x, y) satisfies the boundary-layer equation for zero-pressure-
gradient flow:

ψyψxy − ψxψyy = (νψyy − 〈u′v′〉)y ; x > 0, y = 0 : ψy = 0, ψx = −vw; y →∞ : ψy → ue. (3)

We perform in this equation the following change of variables [1]: ψ = ue∆Ψ(ξ, η), ξ = ln Re∆, where Re∆ = ue∆/ν,
using the logarithm of the Reynolds number Re∆ based on the boundary-layer thickness and the normalized distance from
the wall η as independent variables. With the closure condition (2), Eq. (3) becomes

Λ[ΨηΨξη − (Ψ + Ψξ)Ψηη] =
[
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2
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]
η
, Re = eξη2Ψηη, β = B (ηΨηη)

−1
;

ξ > −∞, η = 0 : Ψ = 0, Ψη = 0, Λ(Ψ + Ψξ) = −B; η →∞ : Ψη → 1. (4)

Here, B = vw/ue is the suction factor. Besides the normalized stream function Ψ, Eq. (4) contains the second unknown
function Λ(ξ) = d∆/dx. We will seek an asymptotic solution to the problem (4) as ξ → ∞, i. e. for high values of the
logarithm of the Reynolds number based on the boundary-layer thickness. We introduce a small parameter ε and a new
independent variable ζ = εξ, 1/ζ = O(1). We specify the suction factor as B = ε2b, b = O(1).

SOME RESULTS

Wall region. In the outer part of the wall region, in the logarithmic sublayer, the velocity profile obeys the similarity law
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, y+ →∞, α > 0. (5)

Here, the accustomed wall variables are used, in particular v+ = B/
√

1
2cf , where cf is the skin-friction coefficient, and

κ =
√
S(∞, 0, 0). For v+ = 0, in the limiting case of an impermeable wall, Eq. (5) reduces to the normal log law, hence

κ is the von Kármán constant equal to 0.41 and C(v+) = C0 +O(v+), v+ → 0, where C0 = 2.05. SinceB = O(ε2) and



Figure 1. Velocity profile near the suction wall
in turbulent Poiseuille flow with a constant wall
transpiration [2] plotted in similarity variables (5). The
straight line has the equation 1

0.41
(ln y+ + 2.05).

Figure 2. Experimental data on skin friction [3, 4] plotted in terms
of scaling variables (8); #, [3], 2, [4] (indirect measurements), �, [4]
(measured with floating elements).

√
1
2cf = O(ε), the parameter v+ = O(ε), i. e. is always a small quantity. The similarity law (5) is perfectly supported by

the recently obtained DNS data [2]. Figure 1 shows the calculated velocity profile for the pressure-driven turbulent plane
channel flow (Poiseuille flow) with a constant transverse mass flux. The velocity profile near the suction wall corresponds
to v+ = −0.0305. Plotted in variables (5), it has a distinct logarithmic potion, which is very close to that for the velocity
profile near an impermeable wall.
Outer region of the boundary layer. In the outer region of the boundary layer we seek the solution in the form of
following asymptotic expansions:

Λ(ξ) = −ε2b λ(s) +O(ε3), Ψ(ξ, η) = Ψw(ξ) + η− ε2b g(s, η) +O(ε3), s =
1

ε

(
ζ − 2κ√

−b

)
− k ln(−bε2), (6)

where k is a certain coefficient. After substituting Eqs. (6) in Eq. (4) we obtain for the functions g and λ a partial
differential equation[
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]
η

+ (1 + ηλ)gηη = λgsη, β = −(ηgηη)−1; g(s, 0) = gη(s, ∞) = gηη(s, ∞) = 0. (7)

Friction law. The universal friction law is obtained as a result of asymptotic matching of the solutions for the outer and
wall regions making use of the inner-solution asymptotics (5) and the corresponding wall asymptotics of the solution to
the boundary-value problem (7). The law has the following formulation:
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Here, Rex and Reδ∗ are the Reynolds numbers based on the distance from the leading edge of the plate and the boundary-
layer displacement thickness, respectively, Φ1 and Φ2 are some universal functions. It is valid for the entire range of
suction velocities from zero one till the limiting values corresponding to asymptotic-suction boundary layers and, as
figure 2 shows, is in perfect agreement with experimental data [3, 4]. The data cover a vide range of Reynolds numbers
4 6 Rex ·10−5 6 20 and suction factors 1.2 6 −B ·103 6 2.4 for [3] and 3.8 6 Rex ·10−5 6 35 and 1 6 −B ·103 6 3.6
for [4]. Plotted in terms of similarity variables (7), all experimental points follow a single curve in figure 2.
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