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Abstract A differential-algebraic approach [1, 2] to studying the Lax type integrability of an infinite hierarchy of generalized Riemann
type hydrodynamic systems is developed. The related bi-Hamiltonian integrability and compatible Poisson structures are analyzed by
means of the symplectic and gradient-holonomic methods.

DIFFERENTIAL-ALGEBRAIC SETTING

We consider the ring K := R{{z,t}}, (z,t) € R?, of convergent germs of real-valued smooth Schwartz type functions
from S(R?; R) and construct the associated differential quotient ring X{u} := Quot(K[Ou]) with respect to a functional
variable u € K. Here © denotes the standard monoid of all commuting differentiations D,, := d/dx and 0/0t, satisfying
the standard Leibnitz condition, and defined by the natural relationships D, (x) =1 = 0t/0t, Ox/0t =0 = D,(t). The
ideal I{u} C K{u} is called differential if the condition I{u} = ©I{u} holds. In the differential ring C{u}, one can
introduce the next two naturally defined differentiations Dy, D,, : K{u} — K{u}, satisfying the Lie algebraic commuting
relationship [D,, D;] = u,D,. For an arbitrarily chosen function u € K, the only its representation in the ideal {u}
is of the form D, = 9/0t + ud/0z; D, = 0/0x. Nonetheless, if some additional nonlinear differential constraints
Zu, Dyu, Dyu, ...] = 0 are imposed on the function u € KC, other nontrivial differentiations in the corresponding reduced
ideal KC{u}, related with some specially extended invariant differential ideals Z{u} C KC{u} can exist. This situation
is analyzed in detail and the corresponding, polynomially dependent on v € K and its derivatives with respect to the
differentiation D,, representation of the above Lie algebraic relationship is constructed.

THE LAX TYPE REPRESENTATION

The following differential constraint
DN "'u=wv, Dw=2, Diz=0, (1)

where N, s € N, being imposed on the ideal {u}, determines an infinite hierarchy of the Riemann type hydrodynamic
systems. We have proved the following proposition.

Proposition. The infinite hierarchy (1) of the Riemann type hydrodynamical systems for N, s € N is Lax type integrable
and bi-Hamiltonian on the functional manifold M. In the case N = 2 = s the flow (1) is a bi-Hamiltonian system with
respect to two compatible Poissonian structures o, n : T*(M) — T'(M)
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possessing an infinite hierarchy of mutually commuting conservation laws and a non-autonomous Lax representation of
the form

0 0 0 Nun/z Avy/z z
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where A € R is an arbitrary spectral parameter and f € IC.
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