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Abstract Using an approach developed earlier for renorratitim of the Boltzmann collision integral (V.L. Sdiev and K.Nanbu,
Phys. Rev. E 65, 051205, 2002), we derive an exaergknce form for the fragmentation operator. Thes reduce the
fragmentation equation to the continuity equatiorsize-space, with the flux given explicitly. Thalows us to obtain new self-
similar solutions, and to find the new integralnodtion for these solutions (we call it the barexfluMe show how these solutions
can be applied as a description of cascade precésdhree and two dimensional turbulence. We alsggested an empirical
cascade model of impact fragmentation of brittl¢erials..

RENORMALIZATION OF FRAGMENTATION EQUATION
The fragmentation process consists of the generaficandom fragments (or particles) by successreaking[1]. The
process occurs in numerous physical phenomenarajidezring applications. One approach that is afad to model
these processes is the fragmentation under scalmgmetry model. The scaling symmetry means that¢aath
fragmentation step, a parent particle splits iraaghter particles with a partition probability ipg@dent of the particle
size,i.e. the particle sizer is modified in a step by step manner by multiglma by a random multiplierr =« ;

0 < a <1.We will consider the case when fragmentatiate » is a power function on size. The fragmentation
events result in an increase in the total numbauasficles over time, whilst the total mass of joéet is conserved.
Therefore instead of the number distribution fumttithe mass distribution functioﬁ(r) is usually used. The norm
of this function is conserved. Thus the fragmeatatquation forf(r) takes the following form:
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Using an approach developed earlier for renormiainaof the Boltzmann collision integral [2], we rde an exact
divergence form for the fragmentation operator.mhe reduce the fragmentation equation to the naityi equation
in size-space, with the flux given explicitly[1]:
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If the fragmentation spectrurq(a) is a power functionq(a) = (v + l)oﬂ with v > —1, then equations can be
simplified significantly because of the property:

o(e)=a(a), V=1, ®
and exact practically important solutions to fragtation equation can be obtained. The renormalfzmginentation
equation contains an explicit expression for thess¥itux. This allows us to derive a new integralnadtion j, for
self-similar solutions. This integral is referredas the bare flux.
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INTERMEDIATEASYMPTOTICS: SELF-SIMILAR SOLUTIONSTO THE RENORMALIZED
FRAGMENTATION EQUATION
Amongst all the solutions, self-similar solutione ®f special interest; these solutions are esabnthe intermediate
long-time asymptotics. For negative values pf, the self—similar solutions can be expressed bgfleent

hypergeometric function in the following form:
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This solution describes the fragmentation procadsjected to a second order phase transition attiee, ¢t = 0.

APPLICATION TO TURBULENT CASCADE
Solution (4) has an interesting application to tlescription of the turbulent cascade process. Wisdid flows,
mechanical energy is conserved, so instead of diag#bution in size space, we could consider trsribution of
specific turbulent energy in the size-space of ulebt eddies undergoing a turbulent cascade. Tkeif8p energy

distribution function and the specific energy flukave the following dimensions:[f] = v2/r and
[j] = 1;3/7" = r‘z/t3 , respectively. The eddy-fragmentation processcritesd by solution (4), is characterized by two
dimensional constantg|, and ¢. For maximum symmetry of this solution, we assutinat constantc can be
expressed in terms of, as c = [jy| . This givesz = 1/3, = —2/3, o= (3/2)(1 + 7). In infinitely high

Reynolds number turbulence, the flux of specifibtlent energy at zero size has the standard ootatj Solution (4)
for integer valuesy = n,n =1,2,3,...; can be expressed in terms of elementary functitbsng = = 1/3 ,

w= —2/3; ~v=1; a = 3, the expressions (4) can be applied to the probletecaying turbulence:
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Under the time translationt — ¢+7, in eq. (5), and setting;, — oo, the following stationary solution takes place:

f(r) = 253/37’1/3, j=—¢, <0. (6)
Then the distribution of turbulent energy densitysize-space can be expressed by the second-andgituidinal

velocity structure functionD) (r) = <[v” (z+7)-v (:1:)]2> :

1) = Sarlla(e ) —m(@)) =55raetr = e

Zf(r)dr:3<v|2>:<v2>, vH:%r-v; <v2>:3<v|f>; j(r) = -5 <.

r

)

This distribution corresponds to the spectrum psegoby Kolmogorov for stationary homogeneous tumhci.
Remarkably, the solution (6) to the fragmentatignation agrees with the Kolmogorov spectrum (7)neiveluding

the universal constant(f, = 2 was established by measurements). In previous warkhave applied symmetry

methods in a group-theoretical description of tlehae [3], but on the basis of the Navier-Stokesaéign, rather than
in the framework of empirico-mathematical modeljrathe present paper
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